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Abstract 

In this remark we discuss a relationship between (co)homology 
classes of a symplectic manifold realized by symplectic and lagrangian 
objects. We establish some transversality condition for the classes, 
realized by symplectic divisors and smooth lagrangian tori with some 
special condition on their intersections. 

Let (M, uj) is a compact symplectic manifold equipped with symplectic 
form u. Then for the (co) homology classes of M one can study the read- 
ability problem; the fixed symplectic structure distinguishes from the space 
of smooth realization of homology classes two types of subobjects: 

— symplectic submanifolds 
and 

— lagrangian submanifolds. 

A submanifold DcMis symplectic if the restriction oj\d is a symplectic 
form on D; a submanifold S C M is isotropic if the restriction u)\g is trivial 
and S is lagrangian if dim S = \ dim M thus lagrangian means maximal 
isotropic. 

The situation studied in this remark is the following: we take a coho- 
mology class c G H 2 (M,Z*) and a homology class S G H n (M,Z) such that 
the class P.D.(c) G H.m-i{M, %>) is realized by a smooth symplectic divi- 
sor D C M and £ is realized by a smooth orientable lagrangian submani- 
fold S C M. In what follows dim M = 2n therefore dim D = 2n — 2 and 
dim S = n. 
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Standard intersection theory says that two generic submanifolds of di- 
mensions In — 2 and n in an ambient manifold of dimension 2n have the 
intersection of dimension 

In - 2 + n - 2n = n - 2, 

and it is the case of the transversal intersection. At the same time for sym- 
plectic divisors and lagrangian submanifolds we have the following simple 
fact: for any D and S at each point p G D H S of their intersection the di- 
mension of T p (DnS) is either n — 2 or n— 1 (of course, if DC\S is non empty). 
The proof is obvious — the intersection D R S must be isotropic in (D, uj\d) 
therefore the dimension must be less or equal to n — 1; the transversality 
arguments show that it must be greater or equal to n — 2. 

If for given D and 5" the intersection D (1 S has pure dimension n — 2 
this situation is called transversal; thus due to the remark above it's quite 
natural to give a name for the opposite situation: 

Definition 1 Let D C M is a symplectic divisor and S C M is a lagrangian 
submanifold of a symplectic manifold M,u. Then we say that they have 
co-transversal intersection if either at each point p G D PI S the intersection 
has dimension n — 1 or D fl S* is empty. 

Example Let M be 2n - dimensional torus T 2n decomposed into two tori 
T 2 x T 2n ~ 2 with the product symplectic structure coming from symplectic 
structures over T 2 and T 2n ~ 2 . Then if we take D = px T 2n ~ 2 and = 7 x 
where p is a point in T 2 , 7 is a circle in T 2 and Si is a lagrangian submanifold 
in T 2n ~ 2 then D and £ has co- transversal intersection in T 2n . 

Another example In one studies a situation when some lagrangian 
submanifold S C M has 1 - dimensional projection to CP 1 with respect to a 
Lefschetz pencil 

/ : M -> CP 1 . 

This means that for almost all fibers of this Lefschetz pencil the intersection 
with S is co-tansversal. Since the strong result of PQ ensures that in dimen- 
sion 4 for integral symplectic manifold M, u (this means that [u] G H 2 (M, Z)) 
for any lagrangian submanifold one can find a Lefschetz pencil with the de- 
sired property, the case of co-transversal intersection is not too rare. 

The last example leads to a natural extension of the definition given 
above: 



3 



Definition 2 Let / : M — > CP is a Lefschetz pencil on a symplectic mani- 
fold M. Then / is co-transversal to a smooth lagrangian submanifold S C M 
if each smooth fiber of / has co-transversal intersection with S. 

A model example can be found in j^j: there one takes for a given la- 
grangian submanifold S C X of a projective algebraic manifold X (with a 
fixed Kahler metric of the Hodge type) some small deformation S\ C X which 
is real analytic and then for a given Morse function F on Si one constracts 
an analytic extension / which can be extended to a Lefschetz pencil on the 
whole X. The crucial point is that / by the construction is co-transversal to 
Si. 

The main background problem seems to be interesting is the following: 
for a given lagrangian submanifold S C M of a given symplectic manifold 
construct a Lefschetz pencil of a given topological type which is co-transversal 
to S. Equivalently, construct a Lefschetz pencil / : M — > CP 1 such that f(S) 
is a loop in CP 1 . Indeed, by the definition of the Lefschetz pencil, see the 
map / is defined on the complement of a symplectic submanifold N (Z M 
of real codimension 4. This means that the intersection N H S has real 
codimension at least 2 and in the co-transversal case f(S) has no boundary 
in CP 1 . 

The property of co-transversal intersections can be illustrated by the fol- 
lowing fact: 

Proposition 1 Let (M, a>) is a symplectic manifold with trivial torsion in 
(co)homology. Let c G H 2 (M,Z) and £ G H n (M, Z) are (co) homology 
classes such that P.D.(c) is realized by smooth symplectic divisors and £ is 
realized by smooth lagrangian tori. Then the restriction c\s is trivial if there 
are exist representatives D and S — symplectic and lagrangian respectively 
— with co-transversal intersection. 

Indeed, for the situation of the Proposition one can use a version of the 
classical Darboux - Weinstein theorem namely there exists a neihborhood 
O e (S) C M which is symplectomorphic to a neiborhood of the zerosection in 
T*S endowed with the standard symplectic structure such that D, restricted 
to O e (S), goes to a subbundle W of T * S\s 1 where Si C S is an orientable 
smooth n — 1 - dimensional submanifold in S (which is D n S). One could 
roughly say that D corresponds to T*S\ but since T*Si doesn't lie in T*S 
we must speak about a subbundle of rank n — 1. This subbundle defines a 
vector field on Si up to scaling so we can fix a global smooth vector field Y 



4 



on S which is nontrivial on S\ and is annihilated by any section of W. To 
prove the Proposition it remains to take a smooth function F G C°°(S, M) 
which is constant on 5*1 and extend it to T*S using 7 as a linear function 
along the fibers. The hamiltonian vector field Xp Y of the extended function 
Fy G C OD (T*S, R) deforms S to S' which is a smooth lagrangian torus which 
represents the same homology class, [S'] = [S] , and which has trivial intersec- 
tion with D. This means that the line bundle L with Ci(L) = c = P.D.{\D\) 
is restricted to S topologically trivial. 

It is not hard to modify Proposition 1 for the case of Lefschetz pencils: 

Proposition 2 Let (M, uj) is a symplectic manifold with a Lefschetz pencil 
f : M\ — > CP 1 where M\ = M — N , N is symplectic of codimension 4- If S 
is a smooth lagrangian torus S C M co-transversal to f then c\s is trivial, 
where c G H 2 (M, Z) is the topological type of the pencil. 

Indeed, take a smooth fiber f~ x {p) C M\ and restore a compact symplec- 
tic submanifold D = f^ 1 {p) U N whose topological type is the type of the 
pencil. Then either D is co-transversal to S or N has topologically trivial 
intersection with S. The first case is directly adressed to Proposition 1 while 
in the second one we need to deform S to some S 1 such that new S' has co- 
trasnversal intersection with D and again reduce the problem to Proposition 
1. 
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